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Abstract

In this study, we first consider a coupled Klein—Gordon system with a variable exponent, followed by a p(x)-
biharmonic equation subject to appropriate initial and boundary conditions. The main objective is to numerically
examine the evolution of the solutions and illustrate the corresponding blow-up and energy decay phenomena. The
numerical findings are consistent with the theoretical predictions, providing support for the qualitative analysis.
Keywords: Variable-exponent PDEs, Decay and Blow-up Phenomena, Numerical Investigation,
COMSOL Multiphysics®.

Introduction

Partial differential equations with variable-exponent Theory
nonlinearities offer a flexible framework for

modeling complex nonlinear phenomena in Problem 1

heterogeneous media, allowing the nonlinear
response to vary with spatial position. This spatial
variability leads to rich qualitative dynamics and
raises important questions concerning the long-time

We first consider the following initial-boundary problem

Upe — Au + mPu+ |u POy, = fi(w,v), inQ, t>0,

behavior of solutions. In particular, understanding Ve — AV +mév + v, "® "y, = f,(u,v), inQ, t>0,

the stability, energy decay, and possible finite-time u(x,t) = v(x,t) =0, ondQ, t>0,(1)
blow-up of solutions is essential for characterizing u(x,0) = uy(x), v(x,0) = v,(x), inqQ,

the underlying dynamics. In this work, we w(x,0) = w4, (1), v4(x,0) = v, (x), in Q.

investigate two nonlinear partial differential

equation models with variable exponents and where (2 is a bounded and regular domain of R™
analyze their dynamical behavior using COMSOL (n=1,2,3), with a smooth boundary 822, f, (w, v) and

Multiphysic§®. The first, which is a ponlinear £, (u, v) are the source terms defined by
coupled Klein—Gordon system, was implemented

using the Wave Equation interface, whereas the

second, p(x)-biharmonic model, was formulated fiwv) = alu + v|2(q(‘)+1) (u+v) + blulq(')ulvlq(')+2,

through the Coefficient Form PDE interface. fo(u,v) = alu + v[2@O+D (y 4 ) + p|u|9O+2|p[10)y,
Appropriate finite element discretization and time-
dependent solvers were employed to capture the where m, and m, are positive constants, a and b are
evolution of the solutions. The obtained numerical non-negative constants;
simulations successfully reproduced the theoretical and p (*), 7 (*) and q(-) are given continuous
predictions, demonstrating the effectiveness and functions on 2 satisfying some
flexibility of COMSOL Multiphysics® for the conditions.
investigation of nonlinear PDEs with variable
exponents.
Problem 2

As the next problem, we consider the following
p(x)-biharmonic equation.
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Let Q be a bounded domain in R™ with a smooth
boundary 0Q. We examine the subsequent initial-
boundary value problem

uge + A([AuP®2Au) + |u, |99 ~2u, = 0
ulx,t) = Aulx,t) =0, onaQx(0,T) (2)
u(x,0) = p(x), u(x,0) =), inQ
Here Af,(x)u = A(IAqu(')‘zAu) and the exponents
p(+) and () are given measurable functions

on Q satisfying

2<p <p(x)<p;<q; <q(x) <q; <p;

with
p1 = ess infreqap(x)
D2 = €SS Supyeap (%)
q; = ess infyeqq(x)
G2 = €SS Sup,eaq(x)
and

npq .
—, if
+o0, ifn<p;
Additionally, we assume thatp (x) and q (x)
satisfy the log-Holder continuity condition:

p(x) —p(y)| = “Toglx =yl

forallx, y € Q, with [x —y|<5,A>0,0<5<1.

Use of Simulation Apps

For Problem 1, the numerical simulations are
performed using two time-discretization schemes,
namely the Backward Differentiation Formula
(BDF) and the Generalized-o (GA) methods. For
the spatial discretization, a P1 finite element
method is employed.

We reformulated the system of equations (1) into
the following wave-equation form in COMSOL
Multiphysics®.

AWM + W™l =F inQ,
W™l =0 ondQ

We solve this system using the finite element
method (FEM) with the following settings:

1. A time step of At = 10™* is sufficiently small to
capture the finite-time blow-up behavior accurately.

2. The domain Q is discretized into a triangular
mesh comprising 3,160 elements and 12,890
degrees of freedom.

Subsequently, we investigated the evolution of the
total energy associated with system (1) throughout
the solution. The energy of the system is defined as
follows

1
E@ =5 (ell? + 1o, 12 + 7l + 17v]1)
1
+5 i llul” + m3 ]

—LF(u,v)dx

Lastly, we established that the solution exhibits
finite-time blow-up at T*, with an upper bound for
the blow-up time given by the following inequality

1—-0
T* S —0'
§a¥1-4(0)

For Problem 2, we rewrite the nonlinear fourth-
order model as a system of second-order equations
to make it compatible with the Coefficient Form
PDE interface as follows

Uy + A(WPP2w) + |u, [1®2y, =0 3)
w—A4u =0

in 2 x (0, T).

We discretize system (3) for u and w using a
centered finite difference scheme for u;, and a
backward difference scheme for u,.

Similarly, the energy decay is computed using an
integration operator to evaluate the corresponding
energy functional over the domain.

Sources

All information regarding the first problem is taken
from the paper [1].

Experimental Results

For Problem 1, we use the BDF method for time
discretization, together with the P1 finite element
method for spatial discretization. The numerical
simulations confirm that the solutions of the system
(1) exhibit finite-time blow-up. Figure 1 presents
the initial data u, and v,, while Figures 2,3,4
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display the corresponding numerical solutions at
iterations n=46, n=55, and n=56, respectively.

1
e
i
D i“
o
08
oz
]

(a) uo(z.y) = 3(1 - & - 4?) (b) volz,y) = 2(1

Figure 1:Initial data at t=0.0
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Figure 2: Numerical solutions at t = 0.0046
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Figure 3: Numerical solutions at t = 0.0055

& | &

[a) Lree [b) ¥

Figure 4: Numerical solutions at t = 0.0056, Blow-up
time

We repeated the numerical tests using the
Generalized-o (GA) method for time discretization.
We observed that the solution exhibits blow-up at t
= 0.0062, showing that the BDF method captures
the blow-up behavior faster than the GA method.

We also analyzed the system with negative initial
energy and observed that the energy decreases over
time, followed by a sudden blow-up of the solution.
Table 1 also confirms this behavior with the
infinity-norm values reported.

tn Ul Vil Elta)
0.0001 200 300 ~32409
0.0032 2.58 1.58 04584
0.0045 185 18 ~LSBE +5
0.0053 6.23 123 ~LT630E +6
0.0055 18.02 19.03 -L13E +7
00056 | 14E+6 | 14E+6 | -L38GE 447

Table 1: Numerical values of ||U||s, ||Vl and E(t,,)
In the next analysis, we numerically observed that
the solution of Equation (2) tends to zero. The

simulations illustrating its evolution are presented
in Figures 5-8.
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Figure 5: Numerical solutions att = 1
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Figure 6: Numerical solutions att = 10
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Figure 7: Numerical solutions att = 25
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Figure 8: Numerical solutions at t = 30
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Furthermore, we confirmed the existence of the
constant & given in the theoretical part by taking
q(x) = 2 which guarantees the exponential decay
of the energy. In Figure 9, the blue curve shows the
energy E(t) for t € [0,30], while the green curve
represents y = E(t)e1t.
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Figure 9: Decay of the energy of the numerical solution

Conclusions

In this study, we numerically investigated two
nonlinear partial differential equation models
exhibiting distinct dynamical behaviors using
COMSOL Multiphysics®. The obtained numerical
results demonstrate the effectiveness of COMSOL
Multiphysics® in accurately capturing the
characteristic dynamics of the considered nonlinear
systems..
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    W  n + 1 = 0   on  𝜕 Ω


    W  n + 1 = 0   on  𝜕 Ω


  − Δ   W  n + 1 + 𝜇   W  n + 1 = F   in  Ω ,  


    for   all   x, y ∈ Ω, with |x − y| < δ, A > 0, 0 < δ < 1


      | p  ( x )  −  p  ( y ) | ≤ −  A    l o g ⁡   | x − y |


  ,   we   assume   that   p    ( x )   and   q    ( x )


    p 1 ∗ =  {      n   p 1  n −   p 1 ,  if  n >   p 1 ,   + ∞ ,  if  n ≤   p  1 .


    q 2 =   e s s   s u p  x ∈ Ω q  ( x )


    q 2 =   e s s   s u p  x ∈ Ω q  ( x )


    q 1 =   e s s   inf  x ∈ Ω q  ( x )


    q 1 =   e s s   inf  x ∈ Ω q  ( x )


    p 2 =   e s s   s u p  x ∈ Ω p  ( x )


    p 2 =   e s s   s u p  x ∈ Ω p  ( x )


    p 1 =   e s s   inf  x ∈ Ω p  ( x )


  2 ≤   p 1 ≤ p  ( x ) ≤   p 2 ≤   q 1 ≤ q  ( x ) ≤   q 2 ≤   p 1 ∗


   Δ  p  ( x ) 2 u = Δ  (    | Δ u |  p  ( ⋅ ) − 2 Δ u )
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    f 1  ( u , v )
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    R  n


  𝛺


      {      u  t t − Δ u +   m 1 2 u +    |   u  t |  p  ( x ) − 1   u  t =   f 1  ( u , v ) ,  in  Ω ,   t > 0 ,     v  t t − Δ v +   m 2 2 v +    |   v  t |  r  ( x ) − 1   v  t =   f 2  ( u , v ) ,  in  Ω ,   t > 0 ,   u  ( x , t ) = v  ( x , t ) = 0 ,  on  𝜕 Ω ,   t ≥ 0 ,   u  ( x , 0 ) =   u 0  ( x ) ,   v  ( x , 0 ) =   v 0  ( x ) ,  in  Ω ,     u  t  ( x , 0 ) =   u 1  ( x ) ,     v  t  ( x , 0 ) =   v 1  ( x ) ,  in  Ω .   ( 1 )


  We   first   consider   the   following   initial - boundary   problem


  y = E  ( t )   e  0 . 1 t


  t ∈  [ 0 , 30 ] ,  


  E  ( t )


  q  ( x ) = 2
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